ABSTRACT. We show that in case of the spectral norm, one of the main results of the recent paper The tan θ theorem with relaxed conditions, by Yuji Nakatsukasa, published in Linear Algebra and its Applications is a corollary of the tan θ theorem proven in [V. Kostrykin, K. A. Makarov, and A. K In a recent paper [7] published in Linear Algebra and its Applications, Y. Nakatsukasa obtains two bounds on the tangent of the canonical angles between an approximate and an exact spectral subspace of a Hermitian matrix. These bounds (see [7, Theorems 1 and 2]) extend respectively the tan θ theorem and the generalized tan θ theorem proven by C. Davis and W. M. Kahan in their celebrated paper [2] . Actually, an extension of the tan θ theorem similar to [7, Theorem 1] has already been given in [4] , in the wider context of the perturbation theory for self-adjoint operators on a Hilbert space.
In a recent paper [7] published in Linear Algebra and its Applications, Y. Nakatsukasa obtains two bounds on the tangent of the canonical angles between an approximate and an exact spectral subspace of a Hermitian matrix. These bounds (see [7, Theorems 1 and 2] ) extend respectively the tan θ theorem and the generalized tan θ theorem proven by C. Davis and W. M. Kahan in their celebrated paper [2] . Actually, an extension of the tan θ theorem similar to [7, Theorem 1] has already been given in [4] , in the wider context of the perturbation theory for self-adjoint operators on a Hilbert space.
In our discussion below we restrict ourselves to the spectral norms of the matrices involved, that is, by S we always understand the maximal singular value of a matrix S. If A and L are subspaces of C n , the notation ∠(A, L) is used for the largest principal angle between A and L.
We begin with presenting a relevant finite-dimensional version of the tan θ theorem from [4] (see [4, Theorem 2] ). Proof. By the hypothesis, the dimensions of the subspaces L 1 and
Proposition 1. Assume that a Hermitian matrix L ∈ C n×n is block partitioned in the form
Then by using the canonical orthogonal decomposition of C n with respect to the orthogonal projections onto A 1 and
Suppose that
where the lower subcolumn 0 n−k consists of exactly n − k zeros and the upper subcolumn x contains at least one nonzero element. For c = (α + β )/2 one then obtains
since y = x and the spectrum of
Now we show that for the spectral norm the tan θ theorem proven in [7] is a corollary of Proposition 1. We reproduce the corresponding statement from [7] in the following form (see [7, Theorem 1] ). 
Proposition 4 ([7]). Let A ∈ C n×n be a Hermitian matrix. Let
where Q 1 and X 1 are the subspaces spanned by the columns of Q 1 and X 1 , respectively.
Proof. Assume that Q 1 is a submatrix of a unitary
The matrix L has the form (1) with
Since A is unitarily equivalent to the diagonal matrix Λ = diag(Λ 1 , Λ 2 ), the same is true for L. Moreover, the k-dimensional subspace L 1 = Q H X 1 and its orthogonal complement L 2 = C n ⊖ L 1 are reducing subspaces of L. The spectrum of the restriction L L 2 coincides with the spectrum of Λ 2 and, hence, it lies in [α, β ]. If the subspace A 1 is as in Proposition 1, then, just by this proposition, the largest principal angle between A 1 and L 1 satisfies the bound (2). Meanwhile, the subspaces Q 1 and X 1 are obtained from A 1 and L 1 by the same unitary transformation: Q 1 = QA 1 and 
where Q If we estimate ∠(Q 1 , X 1 ) by using inequality (5) , no knowledge on the exact eigenvalues of A is required. Unlike the bound (4), the estimate (5) involves the separation distance d between the respective eigenvalue sets of the matrices A 1 and A 2 . In applications, these sets are usually treated as an approximate spectrum of A and their separation distance is assumed to be known prior to further calculations. Following [6] and [1] , it is appropriate thus to call the bound (5) the a priori tan θ theorem. Similarly, the bound (4) may be called the (semi-)a posteriori tan θ theorem since it involves the separation distance δ between one approximate and one exact spectral sets.
